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Parallel Axis Theorem: If P is displaced by c from the centre

of mass, then
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Noether’s Theorem: Consider a one-parameter family of trans-
formations q(t) — Q(s,t),such that Q(0,t) = ¢(t) if %L =0,
then this transformation is said to be a continuous symmetry of

the Lagrangian L. Noether’ s theorem states that for each such

symmetry there exists a conserved quantity .

Liouville’ s Theorem: Consider a region in phase space and
watch it evolve over time. Then the shape of the region will

generically change, but the volume remains the same.

Poincaré Recurrence Theorem (JEMZEMIJT): Consider an
initial point P in phase space. Then for any neighbourhood Dy
of P, there exists a point P’ € Dy that will return to Dy in a

finite time.
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Find the solution of the brachistochrone curve, which starts from (0, 0)

and reaches (zo,y0). &P LTHME (0,0) B (2o, y0) B EcHFF
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Show that when Lagrange’s equations hold in a coordinate system z*

with A=1,2,...,3N as
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we will also have the Lagrange’s equations written as
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in a coordinate system g, with

da = qa (21,...,23N,t) fora=1,2,.
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From the Lagrangian L = 3
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L=-m(@+wxr)?,

2
HEI R s
oL ,
p:E =m(r+w xr).
X I B SR )
d (0L ; .
pn (87’) =m(F+wxT).
-G
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Hw2 G} L Rigg)h
Problem 2.1 Particle Sliding Inside a Vertical Cylinder

A particle of mass m can slide freely on the inside of a smooth vertical
cylinder of radius R. The particle’ s position is described by the angle w
around the axis of the cylinder and the height z along the axis. Write down

the Lagrangian of the system and derive the equations of motion.
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Problem 2 Mass on a Spring-Pendulum System

A particle of mass m is suspended from a spring of natural length [y and
spring constant k. The particle can oscillate vertically due to the spring’
s elasticity and swing sideways as a pendulum. Let w be the angle of the
pendulum and §! be the extension of the spring from its natural length.

Write the Lagrangian of the system and derive the equations of motion.

1 1 ., 1
L=\ mw(i+ §)? + 5m52 - §k6l2 —mg(l + 61) cos 6

mdl — m(lp + 61)&? + kdl + mgcosw =0,

51 - . g . .
2—l0+5lw+w+—lo+5l sinw =0.

12



ARG RN, BT R m, SRR BRI Lo, PR
N ko Ref AT DESET MR BRI EAEAE M msh . 717051
T R GERRIA% U H e &Rz 3l 5 .
R B0 B R R AR el FIEEEhAE w fillid. TEMARERTS, KT
(H R AR AR AR -
r=(p+el)sinw, y=0, z=—(lop+¢€l)cosw.

P IrH

d 2

d 2
v =it + 9t + 22 = | ((lo + €l) sinw)} + [dt (—(lo + €l) cosw)

dt
JEFFHAL TR -
v? = &1+ (lo + €)%

FHE i SR SR S RE A T SR AL

V= %k(el)2 + mg(lo + €l) cosw.
PRI, B H ek g -
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Oe 0¢é
TS A H 7R -
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oL . oL ).
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RA% B H RN -

4 (m(lo + el)2w) + mg(lo + €l) sinw = 0.

dt
RARIZENITREN
% (mél?) —m(lo + el)lw® + kel + mgl cosw = 0,
% (m(lo + €l)*@) + mg(lo + €l) sinw = 0.

Problem 3 L

Write down the Lagrangian and equations of motion for the following

problems:

1. (Left figure) A simple pendulum of mass meo, with a mass m; at the
point of support which can move on a horizontal line lying in the plane

in which ms9 moves.

2. (Right figure) A simple pendulum of mass m whose point of support

moves uniformly on a vertical circle with constant angular velocity w.

I A ——

Ul L T8 2 M AR RIS ok —— X B R R A
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L=K-V = -mi®+ ~ma(i* + 4*) — magl cos ¢

2 2
1 1 . .
= §m1i2 + 5me {$2 + 1292 + 2li¢ cos gi)] + magl cos ¢.
1
L=K-V= §m(i2+y2)—mgy
1 ) .
=5m [(ms +1cos ¢p¢)? + (yis + Isin ¢¢)2} + mgy
1 1 . .
L= §m1:i72 + §m2(i:2 + 12¢% + 2li:¢ cos ¢) — magl cos ¢,
oL oL _
or dtox
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(my +ma)i + mol(¢cos p — ¢ sin @) = 0,
I+ gsin ¢ + i cos ¢ = 0.

L= %m(lQ(ﬁz + a®w? + 2alwd sin @) — mgl cos ¢,
oL _doL _
op  dtogp
BTN

ld + gsin g — aw? cos ¢ + awe cos ¢ = 0.
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Problme 4 Lagrenge points

In class, we have studied the restricted three-body problem, where we

can find five Lagrange (stationary) points as shown in the following figure

by L;. Discuss the stability of these Lagrange points.
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o HfE RUEMEBGLT EREFEL. MR 0= s < 5(1 -
69/9), W Ly Ml Ls ZFEM
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o Ly, Ly, Lg: AFGE-
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Hw3 $#Zhtit i 1
1. Evaluate the inertia tensor I of a ring with radius r and line density

A. you should indicate the axis used.

2. Evaluate the inertia tensor I of a sphere with radius r and density p.

You should indicate the axis used.

3. Evaluate the inertia tensor I of a sphere with radius r and density p

about a point at the surface of the sphere.

4. In class, we have studied the heavy symmetric top problem, where
we can find the motion of a symmetric top under the torque from
gravity will include both the procession and nutation. Try to discuss
the relation between the inertia tensor of the symmetric top and the

range of the nutation.
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Hw4 H 51EW]
Problem 1 L — H

Find the Hamiltonian corresponding to the following Lagrangian, and
write down the corresponding Hamilton’ s equations

(a). L = $mi?*+ A&, where m and A are constants.

(b). L =1m (7‘"2 + r2<z32> - % where m and C' are constants.

(¢). L= %m:’ﬁ — %ka@ — bz, where m, k, and b are constants.

(d). L = %le <92+q52 sin? 9) + mglcosf, where m, g, and [ are

constants.

1

L= 5mg‘ﬂ + At,
[EPiRa R s TR
oL
P=5o = mi + A
¥ & R p K%L
_p—A
r=—-.
m
Hamiltonian 43508
2 A A2
H=pi— L= L
2m  m 2m
Hamilton 5 H:
_ O0H _ A
t =Gy =
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(b). RFFHA% I H e £k

1 . C
L=-m (7'“2 + r2q§2> - —,
2 r
Dr =Mr, pg = mr2¢>.
==t
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. __ OH __ pr
"= o T o
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__OH _ P
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1 1
L= ima'cz — 5]{7562 — bizx,
PR TET
oL . b
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P=9i
35 & ForNEE:
. p+bzx
= .
m
Hamiltonian B350k
2 b 1 b?
H=2 4 2pet - (k+=)a%
2m  m 2 m
Hamilton 5FEH:
. OH p b ) OH b2 b
T=—F—=—4+—2, p=—F—=—|k+—)x——p.
dp m m or m m

(d). X Ttk H s
L

b4

1
= —ml?
2m

(92 + ¢? sin? 9) + mgl cos 6,
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P = mlzé}7 Py = mi? sin® 0(]5.

0 A & o R

Py P
ml2’ mi2sin® 6’
Hamiltonian 4365208
2 2
=P + Po — mgl cosé.

2mi2 " 2mi2sin? 0

Hamilton 7&K :

ézgzzmlﬁ;wa P'¢=—86,Z:0-
TR
[ RVA

e Possion #f5

{F, Pj} =6ij,{Q, P} =1
Xt AeEn ERE {P, P} ={Q,Q} =0
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R, 1751508 1.
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Problem 2 Given the transformation (¢,p) — (@, P) where:
P=aq+bp
Q = cq—dp

with constants a, b, ¢, d. Check if this transformation is canonical,

and under what conditions on the constants it remains canonical.

Y ad +be =1 RFIEN]

Jith— MRS SR M A B A 1

EE N
P=aq+bp, Q=cq—dp,
AT A
_9dQor ook
EF AR e
oQ__oQ_ ., op_ 9P _,
=" " T

FEERANTARTE S E X
{Q,P}=c-b—(—d)-a=cb+da.
TE DB He TSRS A2 -
{Q.P}=1.
L, TETAE S A2

cb + da = 1.
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E MTIM
MT a ¢ MTJ— a c 0 1 _|—¢ a
b —d|’ b —d| |-1 0 d b
iR
MTIM — —c al|l|la b _|—ca+ac —cb — ad
d blle —d da+bc db—bd |
A
MTIM — 0 cb+ da .
—(cb + da) 0
ENARESR MTIM = J, H):
cb+da=1.

Problem 3 Check whether the following transformation for (q,p) —

(Q, P) is a canonical transformation.

Q@ =In(1+ /gcosp), P =2(1+ /qcosp)sinp

{QQ}={P,P}=0
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{Q, P} = < ) 2\/qcosp(l 4+ /qcosp) — 2,/qsin“ p
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— S'
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2 2
cos™p . 9 \/qsin” p ( cosp)
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i 2 ;2
sin sin” p cos
:COSQP—F\/aCOSSp—COSQPSinQp—I—\/a p-|-\/a pcosp

2 2
=1

BE {Q, P} = 1 @& AL, HE AT AR J:
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dqg  Op
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OP sinp cosp OP

- = + , — =24y/qcosp(l+ . /qcosp)—2 qsinzp
dq Vi 2 op Vi (1+Vvq ) — 24

BFE JTJ = J:\[JTJ: ( %2\/6(1 +/qcos p)} & —{m pH1 + /qcos p} )
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S S sinp | cosp
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